Abstract. Utilization of graphene covered waveguide inserts to form tunable waveguide resonators is theoretically explained and rigorously investigated by means of full-wave numerical electromagnetic simulations. Instead of using graphene based switching elements, the concept we propose incorporates graphene sheets as parts of a resonator. Electrostatic tuning of the graphene surface conductivity leads to changes in the electromagnetic field boundary conditions at the resonator edges and surfaces, thus producing an effect similar to varying electrical length of a resonator. Presented outline of the theoretical background serves to give phenomenological insight into the resonator behavior, but it can also be used to develop customized software tools for design and optimization of graphene based resonators and filters. Due to the linear dependence of the imaginary part of the graphene surface impedance on frequency, the proposed concept was expected to become effective for frequencies above 100 GHz, which is confirmed by the numerical simulations. Frequency range from 100 GHz up to 1100 GHz, where the rectangular waveguides are used, is considered. Simple, all-graphene based resonators are analyzed first, to assess the achievable tunability and to check the performance throughout the considered frequency range. Graphene-metal combined waveguide resonators are proposed in order to preserve excellent quality factors typical for the type of waveguide discontinuities used. Dependence of resonator properties on key design parameters is studied in detail. Dependence of resonator properties throughout the frequency range of interest is studied using eight different waveguide sections appropriate for different frequency intervals. Proposed resonators are aimed at applications in the submillimeter-wave spectral region, serving as the compact tunable components for the design of bandpass filters and other devices.
Introduction
Millimeter and submillimeter wave region of electromagnetic (EM) spectrum is traditionally utilized in the astrophysics, remote sensing, defense and security, as well as in biomedical imaging applications [1] [2] [3] [4] . Recently, there is an increased interest in utilization of these frequencies in a range of commercial applications, including broadband communications, motivated mainly by the availability of large bandwidths required for the multigigabit short-range wireless communications [5] . Consequently, there is a constant advance in the development of components and systems for millimeter and submillimeter wave frequencies [6] [7] [8] . Major limiting factor hindering broader exploitation of this spectral region for some time was the shortage of efficient low-cost power sources. With the recent increased research efforts in this direction, more efficient power sources are to be devised [4] . Another difficulty to be resolved is the choice of appropriate materials for the design of devices and systems operating in this spectral region, i.e., at the boundary between microwaves and optics. Performance of PIN and varicap diodes, traditionally employed to obtain frequency reconfigurability and tunability, deteriorates with frequency. Micro electro-mechanical systems are used as an alternative; however, their switching speed is typically much lower and their power handling capability is low. Hence, there is a need to investigate alternative methods for attaining frequency tunability.
Graphene emerged, relatively recently, as a promising new material for photonics applications. In addition to its superior structural, mechanical and electrical properties, its electrically, magnetically and optically controllable conductivity makes it a good choice for the realization of tunable or reconfigurable components and devices. Electromagnetic field interaction with graphene at terahertz frequencies has been successfully investigated for a variety of applications including plasmonic antennas, wave modulators, and terahertz lasers [9] [10] [11] [12] [13] [14] [15] . Possible utilization of this controllable conductivity in the millimeter and submillimeter wave range has yet to be addressed more thoroughly. Method for microwave and millimeter wave characterization of graphene surface impedance, presented in [16] , has been illustrated by material characterization at X and K a bands. Reactive component of surface impedance at these frequencies is not large enough to produce significant frequency tunability, regardless of the wave attenuation in graphene. Frequency independent surface inductivity, as well as resistivity of graphene, lead to linear increase of reactive -versus the resistive impedance component ratio in the considered frequency range [17] [18] . We show here that reasonable tunability can be achieved for frequencies above 100 GHz using the electrostatic tuning.
Rectangular waveguides and rectangular waveguide resonators are an attractive solution for millimeter and submillimeter applications requiring large power handling capability along with reasonably low losses. Additional good property of rectangular waveguides is a wide bandwidth of operation within the monomode regime. Dimensions and corresponding frequency ranges for the commercially available waveguide sections [19] [20] operating at frequencies from about 100 GHz up to 1100 GHz are listed in table 1. A good five percent tunability has been achieved in our preliminary study [18] using graphene based resonators, where the focus was on the 300 GHz frequency, which is currently investigated as a good candidate for employment in the multigigabit short-range wireless communications. This work presents a significant extension of [18] , where we have presented only a proof of concept that the chosen method of attaining frequency tunability could be successfully employed at higher frequencies. We here start with the development of theoretical expressions for electromagnetic fields in the vicinity of the proposed waveguide discontinuities, which for the first time give some physical insight into functioning principles of the suggested devices. Physics of graphene based resonators is further illustrated in the Results section, where an appropriately chosen example shows the impact on the electromagnetic boundary conditions and thus the field distribution of four distinct choices of the graphene stripe widths. The developed theoretical expressions are also applicable to other twodimensional materials that could be developed in the future. In addition, they can be directly embedded in the specialized filter design software. Moreover, the necessity to perform certain trade-offs among the design parameters, indicated in [18] , is now thoroughly investigated. In addition to the illustrative examples showing the resonance curves, detailed numerical electromagnetic analyses of dependence of tunability range, insertion loss, and loaded quality factor on the graphene stripe width are performed, systematically varying the width of the graphene stripe from nonexistent to completely covering the E-plane insert in steps of 2.5% of the insert length. Finally, the dependence of graphene based waveguide resonator properties on the frequency is investigated.
We here propose and investigate applications of graphene in waveguide resonators in the spectral region from 100 GHz to 1100 GHz. For the proposed applications we present the theoretical background and thorough numerical validations using rigorous full-wave computational simulations based on the method of moments (MoM), and the finite element method (FEM) algorithms. In analyses we consider standard rectangular waveguide sections as canonical examples for investigation of graphene efficiency in the considered frequency range, noting that graphene can be employed in the surface integrated waveguides and the hollow integrated waveguides as well. In particular, we study a single resonator, as a basic building block for millimeter and submillimeter wave filters.
An E-plane insert, considered in this study, is a waveguide discontinuity often employed in all-metal resonators and filters due to its simplicity and potential for accurate realization. Analytical expressions are initially derived to provide valuable insight into the underlying physical mechanisms of graphene based resonator operation. However, equivalent analytical models of E-plane inserts exhibit nonlinear frequency dependence around the desired central frequency of operation. Hence, accurate analysis of E-plane inserts requires numerical simulations or optimization algorithms [21] . Moreover, losses in graphene are higher than in the purely metallic parts of the surrounding resonator structure, hence mandating full-wave numerical computations of wave propagation. Detailed investigation of the proposed structure is conducted using the full-wave computational electromagnetic analysis tools based on the MoM and FEM, namely utilizing, respectively, the state-of-the-art commercial software packages WIPL-D [22] and HFSS [23] . 
Theoretical background
Standard rectangular waveguide section containing the resonator, which consists of two equally sized and symmetrically placed E-plane inserts, is shown in figure 1 . The length of an E-plane insert, T l , is represented as
to include the case where only a part of an insert (of length G l ) is covered by graphene. Propagation of the transverse electric (TE) and transverse magnetic (TM) modes is supported above the cutoff frequency, given by
, with integer m and n. These modes can be derived from a magnetic-type Hertzian potential and from an electric-type Hertzian potential, respectively [24] . Dominant mode of propagation is the TE 10 mode, since a > b is usually considered. For standard waveguides b a 2 = , so that Waveguide resonator comprising two equal and symmetrically placed E-plane inserts: (a) the usual case of all-metal inductive inserts of the resonator, and (b) the normalized dominant mode equivalent circuit. When the resonator E-plane inserts consist of graphene layers, their surface impedance can be controlled via the bias voltage, influencing EM field distribution in the vicinity of waveguide discontinuities of total length l T . The resulting effects are similar to the effects of varying the effective resonator length by changing the distance, l rez , between the inserts. For the improved stop-band performance there should be the least difference in EM field distribution around the outer resonator edges, compared to the case of perfectly conducting inserts. This is addressed by applying graphene stripes, of length l G , only along the inner edges of the resonator E-plane inserts, whereas the remaining part of each insert, of length l M , is metallic.
Waveguide discontinuities lead to the excitation of higher order evanescent modes, which vanish at a distance from the discontinuity planes; however, changes are introduced in the reflection from and transmission through the considered section. Due to similarity of waveguide modal field solutions and wave propagation along a transmission line, formally identical systems of equations can be written for the modal field solutions and transmission line voltage and current relations. Namely, each mode can be represented as an equivalent transmission line, thus a circuit representation of waveguide discontinuities is possible. This is often utilized to facilitate analytical description of waveguide discontinuities.
All-metal E-plane resonators
Waveguide resonators and bandpass filters consisting of all-metal E-plane inserts were introduced as an answer to the need for an efficient, low cost, device, which can easily be mass-produced with desired accuracy [25] . Ever since, all-metal inserts remain appealing due to their small size and low losses.
Variational expression for the normalized admittance of an inductive insert is obtained according to [24] , leading to the normalized dominant mode equivalent circuit of the discontinuity shown in figure 1(b) . The equivalent symmetrical T-circuit of an E-plane insert can be symmetrically embedded in a length of a waveguide, incorporating the electrical length of φ/2 on each port. With the convenient choice of φ, equivalent T-circuit acts as an impedance inverter, or K-inverter, in a very narrow frequency range. In an idealized impedance inverter, impedance seen at one port, Z, appears at the other port as
In the case of an E-plane insert, however, parameter K has nonlinear frequency dependence and can serve only as a first step approximation. Upon the calculation of equivalent circuit reactances X s , X p , normalized with respect to the waveguide characteristic impedance for the dominant mode, Z C , the electrical length φ is chosen as
in order to approximate the equivalent circuit as a K-inverter defined by:
The normalized reactances, X s and X p , are functions of the length, T l , of an E-plane insert. Frequency dependent parameters φ and K are in the first approximation calculated at some predefined "center" frequency, f 0 . The electrical length rez θ , corresponding to the distance between the two inserts, rez l , is then calculated taking into account the waveguide wavelength and subtracting the φ/2 electrical lengths of the two impedance inverters, in this case equal. In accordance with the resonator and filter synthesis using the half-wave prototypes, the resulting electrical length must be equal to π at the frequency f 0 :
Given X s and X p , the dimensions of a resonator can be approximately determined using (1) through (3).
To determine X s and X p , electromagnetic field in the vicinity of the insert of width g has to be represented as a sum of modal field solutions including the higher order modes, for the rectangular waveguide of width a and height b, on one side of the discontinuity plane, and for the two waveguides of width 2 / ) ( g a − and height b, on the other side of the discontinuity plane. (Due to symmetry, only odd modes are required for the main waveguide.) Sufficient finite number of modes in an expansion has to be matched over the discontinuity plane, whereas the sum of field components at the metallic insert tends to zero (exactly equals zero for the perfect electric conductor (PEC)). For an accurate solution, computer aided calculations are required.
Alternatively, a commercial computer aided engineering (CAE) software tool can be used to determine the discontinuity scattering parameters, for different lengths of an insert in some predefined range of values. Equivalent T-circuit normalized reactances are obtained from S-parameters as: 
Dielectric slab with and without conductive layer
If a metallic E-plane insert, or any part of it, is to be replaced by graphene, a dielectric holder is needed as a support. Phase shifts of the guided wave, introduced by the dielectric slab, should be accounted for in the resonator design. In our case, dielectric slab of finite length, l T , is placed asymmetrically as shown in figure 2 , so that the very thin layer of metallization or a graphene layer runs along the midline of the waveguide. An excellent example of analysis of asymmetrically placed dielectric slab, without the conductive layer, is given in [26] including the complete final expressions needed to numerically calculate the scattering matrix. Very limited outline of the major derivation steps pertinent to the special case in figure 2 will be given next. Since the discontinuity is uniform along the y-axis, higher order modes excited at the junction are the m0 TE modes. The appropriate x-component of the Hertzian vector potential for the considered case is . (5) Three components of the electromagnetic field vanish, namely:
. The nonzero components of the electromagnetic field are calculated using:
In the above,
is the angular frequency and r ε is the relative permittivity, considered equal to unity everywhere except in the region II, which is defined by (5) for the coordinate system given in figure 2. Equality of the tangential field components, y E and z H , at the regions interfaces at
yields a system of linear equations. For a non-trivial solution, the system's determinant has to vanish, leading to a transcendental equation for the transverse mode propagation constants in air, A xm k , and in dielectric, 
With respect to the longitudinal propagation factors of the main waveguide, 
If the dielectric slab side at 2 / a x = were covered with a negligibly thick PEC sheet ) 0 ( → g , the boundary conditions would dictate the vanishing of the tangential field components, y E and z H , at both sides of the PEC sheet. This simplifies the field equations derived from the following x-component of the Hertzian potential: 
using dependencies given in (8) . For a metal of finite conductivity m σ , and permeability 0 µ , surface impedance of the thin metal sheet can be calculated as
. It corresponds to the ratio of the total tangential electric field component and total tangential magnetic field component at any point on a surface, i.e.,
The attenuation is small and electromagnetic field distribution is almost identical to the PEC case.
Influence of the graphene surface conductivity
Surface conductivity of graphene, in the considered range of frequencies, stems solely from the intraband contributions. It is given by [17, 27] 
where ω is the angular frequency, c µ is the chemical potential of graphene, Γ represents the carrier scattering rate, T is the temperature, and B k the Boltzmann constant. The chemical potential, c µ , T k B product, as well as the scattering rate, Γ , are expressed in electronvolts, although Γ in 1 s − is used in (12) . Elementary charge and the reduced Planck constant are denoted as e q and  , respectively. Room temperature, K 300 = T , is assumed throughout the paper. The above equation is accurate at room temperature, in the millimeter and submillimeter wave frequency range where spatial-dispersion effects are negligible, provided that there is no magnetic field bias. The chemical potential, c µ , depends on the level of chemical doping; however, it is also tunable using the relation between the chemical potential and the electrostatic bias field, bias
Electrostatic bias field, perpendicular to the graphene surface, is created by applying the bias voltage across the capacitor formed by the graphene layer and the gating electrode, separated by a thin dielectric layer. A metallic gating electrode in proximity to the graphene layer would affect the electromagnetic wave propagation; a metallic layer parallel to the graphene surface would itself present an E-plane insert, masking the effects of the tunable conductivity of graphene. Therefore, another graphene layer has to play the role of the gate electrode. Utilization of such all-graphene gating and the graphene stacks, structures composed of two or more graphene layers separated by electrically thin dielectrics, has been theoretically investigated and experimentally verified [9, 12, [28] [29] [30] . Alumina, the graphene sheets. We will assume a 100 nm thick 3 2 O Al layer, which is thick enough to neglect the quantum capacitance of graphene, but still sufficiently thin to allow for the low bias voltages of the graphenebased top gate. From the point of view of electromagnetic wave propagation, the described graphene stack is electrically very thin and the boundary conditions can be assumed constant throughout the graphene stack. Likewise, very small slits needed to connect the outer voltage generator to the two graphene layers are not deemed influential on the EM field distribution along the resonator edges nor the further EM wave propagation. Without the loss of generality, we will perform numerical electromagnetic modeling of the proposed structures, replacing the graphene stacks with single layers of negligible thickness exhibiting tunable surface conductivity. All of the results will be given for several chemical potentials in the range of interest, rather than for the corresponding bias voltages, thus allowing for easier interpretation of results, once actual biasing conditions and the equivalent total stack conductivity are determined [29] . The Fermi velocity in graphene is 
The Boltzmann constant eV/K 10 8.6173325 If in the dielectric slab configuration shown in figure 2 , the slab side located at 2 / a x = is covered with a graphene layer, electromagnetic field at this boundary surface will be significantly reduced compared with the pure dielectric slab. This effect is brought by the graphene conductivity, leading to the resonating effect when there are two conducting surfaces as in figure 1 . Still, EM field at 2 / a x = will be far from zero, due to the finite, much larger than in the metallic case, real part of the surface impedance,
, in the frequency range of interest. The real part of the surface impedance induces attenuation of the guided wave, whereas the imaginary, reactive component of the surface impedance is responsible for the resonant frequency shift. This is illustrated in figure 3 , for the standard WR-3 waveguide section. High quality, low resistivity graphene, should be used to minimize losses.
The appropriate x-component of the Hertzian vector potential is again given by (5). There is no need to introduce the new region at 
For a non-trivial solution, the system's determinant has to vanish, yielding
In the limit 0 g → Z , we have to multiply the equation (16a) , and (16a) reduces to the equation (7), describing the purely dielectric slab.
In between the two limits, g Z modifies EM fields significantly, dependent on intrinsic material properties, frequency, and the applied bias field. With a change in g Z , evanescent higher order modes of the coated surface at 2 / a x = decrease in magnitude with varying longitudinal propagation factors. As a result, elements of the equivalent T-circuit in figure 1(b) become tunable. Changes in the equivalent circuit elements are reflected in the varying appropriate electrical length φ needed to obtain the function of the K-inverter element, further affecting the total electrical length of a resonator, rez θ . In short, the tunable graphene surface impedance can be considered as a tunable effective length of the E-plane inserts, changing the length of a resonator, and thus leading to the change in its resonant frequency. As the modifications of resonator length are desired, there is no benefit in changing the overall length of the section comprising the two E-plane inserts, i.e., the all-metal inserts exhibit the best stop band performance. This led us to the proposal of the graphene-metal combined waveguide resonators, where an inner side of each E-plane insert adjacent to the resonator, rez l , is coated with graphene, whereas the rest of the inserts is purely metallic. With the aid of numerical simulations, different configurations will be analyzed and compared in the following sections.
Full-wave electromagnetic analysis
The numerical simulations assume quartz as a support for graphene layers and a thin film metallization. This choice has been motivated by two reasons. Firstly, fused silica quartz is an excellent substrate for the millimeter and submillimeter wave applications due to the relatively low dielectric constant and a small loss tangent. Secondly, quartz is a substrate material highly compatible with graphene. In addition to very usual wet-etching techniques for the transfer of graphene films grown on another substrate [31] , there are also many recent techniques for direct generation of graphene on quartz, e.g., laser-based direct synthesis [32] . Reasonable adhesion of metallic thin films, copper (Cu) and gold (Au), on quartz, requires somewhat more complicated deposition techniques. Thin film metallization on quartz is usually comprised of two layers, the first one being a strongly oxidized metal such as chromium or titanium [33, 34] . The quartz dielectric constant and loss tangent equal , respectively. It has been shown previously, that the losses in graphene stripe were dominant in comparison with metallization as well as dielectric loss [18] ; therefore, the effects of the metallization surface roughness were not considered here.
As mentioned above, the surface conductivity of graphene at room temperature, for a given frequency , which can differ significantly in the cases of intrinsic and doped graphene [35] . Carrier relaxation time at subterahertz frequencies can be identified with the DC relaxation time,
, which arises mainly from impurities [36] . DC relaxation time is directly proportional to the charge carrier mobility, µ , and the square root of the carrier concentration, c n . Experimental investigation of high-purity graphene, found in nature on the surface of bulk graphite, sets the low temperature scattering time limit at ps 20 ≈ τ [35] . High mobility of charge carriers has also been obtained in case of the suspended graphene [37, 38] , up to = µ 200 000 cm 2 /(Vs) at low temperatures and = µ 120 000 cm 2 /(Vs) near room temperature. Influence of substrate type and quality on carrier mobility can be significant. In a study utilizing the Monte Carlo method to investigate the substrate influence on the carrier mobility for three different substrates [39] , high charge carrier mobility was obtained only for the hexagonal boron nitride (h-BN) substrate ( ≈ µ 170 000 cm 2 /(Vs)). That finding is in accordance with the experimental results [40] . High carrier mobility has been observed for the multiple-graphene-layer (MGL) structures grown epitaxially on SiC, as well [14, [41] [42] [43] [44] . Growth on the Si-face of SiC results in a lower mobility few-layer graphene, whereas growth on the C-face results in a high mobility multilayer graphene ( ≈ µ 200 000 cm 2 /(Vs)). The number and mobility of graphene layers can thus be controlled by controlling the crystal orientation of the SiC. Once fabricated, such MGL structures can be transferred to a different substrate [44] . The real part of the intraband graphene conductivity always contributes as a loss. Since introducing large losses is highly undesirable in the waveguiding applications, high-quality low-loss graphene should be used. Therefore, the moderately long relaxation time,
, is considered in the numerical examples. The impact of the carrier relaxation time on tunability and insertion loss of the proposed waveguide resonators is illustrated in figure 4 . Effects on the resonator parameters of (a) the graphene surface inductance only, with R g set to zero, (b) the realistic graphene surface impedance, and (c) the quartz support thickness. Standard WR-3 waveguide section with l rez = 360 µm, and l T = 280 µm completely covered by the graphene layers, was analyzed. Scattering parameters for the all-metal case, with the GHz 75 . 300
, are presented by the dash-dot-dot line in all graphs. In part (a), the dashed lines correspond to the two-dimensional graphene sheet without a dielectric support revealing the tunability effect due to the graphene only, whereas the solid lines show the combined resonant frequency shifts and tunability due to the graphene-on-quartz. Additional phase shifts introduced by the dielectric slab are functions of the graphene surface inductance, resulting in a broader tunability range when the dielectric support is used. Different line colors (shades) in parts (a) and (b) correspond to the graphene chemical potential values given in the legend. Scattering parameters accounting for the realistic loss in graphene-on-quartz resonators are shown in part (b). Results of an investigation into the effect of the quartz thickness on S-parameters are shown in part (c), through a comparison of S-parameters for two values of graphene chemical potential: 0.4 eV and 1.0 eV. Larger thickness yields a slightly broader tunability range, however at the expense of a larger shift between the reflected and the transmitted wave and somewhat worse quality factor (line colors/shades are explained in the legend). Therefore, the dielectric support should remain thin. The tunability effect achieved by the utilization of the adjustable graphene surface impedance in resonators comprised of E-plane inserts stems from the adjustment of the boundary conditions, as described by equations (16a) and (16b). Numerical analysis of a resonator using the WR-3 waveguide section is performed first, to qualitatively illustrate the effects on the resonator parameters of the real and imaginary parts of the surface impedance as well as the dielectric support thickness. As listed in table 2, the resonator length and the E-plane insert length were chosen as μm 360 rez = l and μm 280 T = l , respectively. The results are shown in figure 3 . For this first resonator, all-graphene E-plane inserts were considered, i.e. the quartz support of the total length l T was assumed to be covered completely by the graphene. Simulations confirm the dependence of the obtained tunability range on the graphene surface inductance, both with
The real part of the graphene surface impedance contributes as a loss, on the order of 3 dB for the considered case. Lower mobility graphene sheets have the same dependence of the graphene surface inductance on the chemical potential; therefore, the tunability range remains the same, regardless of the carrier relaxation time. Insertion loss, on the other hand, increases, which suggests that the low quality graphene is not appropriate for the considered resonator type. This has been illustrated by the results shown in figure 4 , corresponding to several values of the carrier relaxation time, τ , and the WR-2.2 waveguide section with μm 210
Slightly broader tunability range with the increase in dielectric slab thickness, as seen from the figure 3, does not compensate for the deteriorated quality factor and the larger frequency mismatch between the reflected and the transmitted wave; therefore, it should remain thin. With the above considerations in mind, we proceed with analyses of a total of eight waveguides chosen from table 1.
Results and discussion
We analyze the graphene based waveguide resonators corresponding to the WR-6, WR-4, WR-3, WR-2.8, WR-2.2, WR-1.5, WR-1.2, and WR-1.0 waveguide sections listed in table 1. It is of interest to confirm the validity of the proposed concept throughout the frequency range from 100 GHz to 1100 GHz, and to check for the expected frequency dependence of the obtained tunability and loss. For each of the eight considered waveguides, resonator length is chosen so that the all-metal resonant frequency, M rez f , falls into the upper portion of the useful frequency range. Under the influence of the graphene surface impedance, the resonant frequency is shifted toward the lower end of the frequency range. To make different waveguide resonators comparable, the E-plane insert length is kept at a multiple of the waveguide broad wall a, in all analyzed cases. For the graphene-on-quartz resonators, where the complete length of an insert is covered by graphene, , located close to the center of the tunability range, are listed in table 2. As it can be seen in figure 5 , insertion loss decreases with frequency, which, along with the increase of tunability, makes the concept of graphene based waveguide resonators appealing for the considered frequency range. However, as it can be observed from figure 3(b), and this is similar for all considered frequencies, the loaded quality factor declines significantly for the lower values of the graphene chemical potential. The loaded quality factor is calculated as
, with 3dB BW denoting the 3 dB bandwidth of the S 21 parameter. The graphene-on-quartz resonators are, in any case, characterized by the notably lower loaded quality factors than their pure metallic counterparts, and this is particularly pronounced for the lower chemical potential and larger impedances. Increase in the graphene surface impedance produces effects similar to the effects of varying the effective resonator length by changing the distance, l rez , between the E-plane inserts. The same holds for the total length of the E-plane insert which appears effectively shorter and leads to the decline in the resonator quality factor. We address this issue by introducing the graphene-metal combined waveguide resonators. The graphene stripes are now located along the inner edges of the E-plane inserts, at the l rez side, whereas the remaining parts of the inserts are covered by the Cu or Au thin film. Such configuration is expected to have less influence on the resonator quality factor; however, the decrease in tunability is also expected and has to be investigated. Table 2 . Graphene-on-quartz waveguide resonators: considered dimensions and resonant frequencies. The concept of the graphene-metal combined waveguide resonators is presented in figure 6 , using the WR-2.2 waveguide section with the resonator length l rez = 210 µm. The ratio a l / T is varied as denoted in the figures. The S 21 -parameter curves for the purely metallic resonators of the same sizes are denoted using the dash-dot-dot lines, with the resonant frequencies at about 480 GHz. In figure 6 (a) we investigate the effect on the resonator parameters of the width of the graphene stripe, expressed as the percentage graphene with respect to the E-plane insert length. To keep the graph less complicated, for each of the five compared graphene stripe widths, we only show the S 21 
corresponding to the same percent of graphene, p g , is presented in distinctive color (shade of gray) in different line style. For better legibility, the data shown in figure 6(a) is also summarized in table 3.
As it can be concluded from figure 6(a) as well as the table 3, graphene percentage larger than 50% does not further improve the tunability; however, the quality factor decreases and the loss increases. Therefore, less than half of an insert could be covered by graphene. Please note, that the tunability range presented in table 3 differs from the one used throughout the paper due to the use of (0.4-1.0) eV range for the chemical potential. There already is a significant quality factor deterioration for eV 0.4 c = µ , in comparison with the one for eV 0 . 1 c = µ , with the increase in the graphene stripe width. This is even more pronounced for ∈ µ c (0.2-1.0) eV, whereas the tunability is approximately doubled. Table 3 . Dependence of resonator properties on the width of graphene stripes (fixed total inserts length) a .
(%) Reasons for the higher insertion loss of the graphene-metal combined waveguide resonators, in comparison with the initially analyzed graphene-on-quartz resonators, stem from the different boundary conditions at the E-plane inserts. Different boundary conditions mandate different EM field distribution in the vicinity of the inserts, as well as in the graphene stripe. Along the part of an E-plane insert covered by graphene, EM field complies with the equations (16a) and (16b), whereas in the metallic part of an insert the field vanishes. For a narrow graphene stripe and a longer metallic part of an insert, stronger field is generated. Simulation results for different graphene percentages, p g , are presented in figure 7 .
Dependence of the tunability, quality factor, and insertion loss on the graphene percentage, illustrated in figure 6 (a), has been studied in detail taking the values from zero to p g = 100%, with the step of 2.5%, as an input parameter. The results are presented in figure 8 . For the relatively narrow graphene stripes, with % 20 g ≤ p , the loaded quality factor remains close to the one corresponding to purely metallic inserts, Q . In this case loss is the highest. According to figure 8, the optimal width of the graphene stripe is from about 15% to approximately 40%, where the quality factor is high and consistent throughout the achieved tunability range. Figure 7 . Electromagnetic field distribution along the E-plane insert for various widths of the graphene stripe. Graphene-metal combined waveguide resonators comply with the equations (16a), (16b), along the given percentage of an E-plane insert covered by graphene. In the metallic part of an insert, E y approaches zero. Due to the differences of the structures considered in (a), (b), (c), and (d), and thus the field distributions, the relative impact of the variations in graphene surface impedance is larger for the smaller graphene percentage.
Conclusion
A novel concept of tunable waveguide resonators for submillimeter wave applications has been studied in detail, following our promising preliminary investigation of WR-3 waveguide. Theoretical analysis has been presented, that could be used to develop customized software tools for the design of this type of waveguide resonators. Thorough full-wave numerical simulations covering several waveguide sections and frequencies ranging from 100 GHz to 1100 GHz confirmed the possibility of obtaining 5% tunability with excellently preserved resonator loaded quality factors, as well as larger tunability ranges, where the trade-off with quality factor and insertion loss is carried out. Tunable waveguide resonators are important basic building blocks of tunable filter devices, and the proposed concept is of great significance for the development of the compact and flexible components in the submillimeter wave spectral region. Figure 8 . Detailed analysis of the dependence of (a) tunability range, (b) insertion loss, and (c) loaded quality factor, on the width of the graphene stripe expressed as the percentage of the E-plane insert length. WR-2.2 waveguide section with l rez = 210 µm and l T = 0.42a has been used for this analysis. Data is presented for the three values of graphene chemical potential, as denoted in the legend. The design of the graphene-metal combined waveguide resonators is subject to the trade-off between the tunability, quality factor, and loss. Optimal width of the graphene stripe is from 15% to about 40% of the E-plane insert length. 
